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On the Origin of the Bilateral Filter
and Ways to Improve It

Michael Elad

Abstract—Additive noise removal from a given signal is an im- The more advanced methods for noise removal aim at pre-
portant problem in signal processing. Among the most appealing serving the signal details while removing the noise. This is
aspects of this field are the ability to refer it to a well-established achieved by a locally adaptive recovery paradigm. Such methods

theory, and the fact that the proposed algorithms in this field are . L .
efficient and practical. Adaptive methods based on anisotropic dif- can be based on anisotropic diffusion (AD) [1]-[5], [22], [23],

fusion (AD), weighted least squares (WLS), and robust estimation Weighted least squares (WLS) [6], or robust estimation (RE) [7],
(RE) were proposed as iterative locally adaptive machines for noise [8]. The Mumford—Shah functional is a different yet resembling

removal. Recently, Tomasi and Manduchi proposed an alternative approach toward the same denoising task [11]. All these methods
noniterative bilateral filter for removing noise from images. This  ghare the fact that local relations between the samples dictate the

filter was shown to give similar and possibly better results to the final It and theref Ith thod tt iterati
ones obtained by iterative approaches. However, the bilateral filter inafresult, and therelore, all these methods resortto an iteralive

was proposed as an intuitive tool without theoretical connection to @lgorithm. There is a solid theoretical bridge between these
the classical approaches. In this paper we propose such a bridge, methods as well as to the line-process approach [12], [13].
and show that the bilateral filter also emerges from the Bayesian  Recently, Tomasi and Manduchi proposed an alternative
approach, as a single iteration of some well-known iterative algo- ,,niterative bilateral filter for removing noise from images [14].
rithm. Based on this observation, we also show how the bilateral Thisfilteris merely aweighted average of the local neighborhood
filter can be improved and extended to treat more general recon- :
struction problems. samples, where the weights are computed based on temporal (or
Index Terms—Anisotropic diffusion, Bayesian methods, bilat- spatialin case onimages) gnd raqlomemc dIStanC.eS _betwleen the
eral filtering, Jacobi algorithm, robust estimation, weighted least C€Nter sample and the neighboring samples. This filter is also
squares. locally adaptive, and it was shown to give similar and possibly
better results to those obtained by the previously mentioned
iterative approaches. However, The bilateral filter was proposed
in [14] as an intuitive tool. Thus, one important aspect that
DDITIVE noise removal from a given signal is an imporwe intend to explore is its relation to the AD, WLS, and RE
tant problem in signal and image processing [1]-[8]. Thi&chniques.
problem is the most simplified reconstruction problem in the In this paper we propose such a theoretical bridge, and show
wider field of signal restoration [9], [10]. Restoring a signalthat the bilateral filter also emerges from the Bayesian approach,
based on corrupted measurements of it, is typically solveginganovel penalty functional. Forthis functional, we showthat
via the Bayesian approach, though there are other approaché&igle iteration of the Jacobi algorithm (also known as the di-
[19]-[21]. The Bayesian approach uses some sort of statistiegonal normalized steepest descent—DNSD) yields the bilateral
estimator applied on a Gibbs distribution resulting with filter. Based on this observation, we also show how the bilateral
penalty functional. This functional is minimized by a numericdilter can be improved to further speed-up its smoothing opera-
optimization algorithm that yields the restored signal [9], [10]tion, and show how this filter can be extended to treat piece-wise
Noise removal is a practical problem raised in many systenfigiear signals. Also, it is shown that the bilateral filter can be
Apart from the trivial application of removing noise prior to preextended to treat more general reconstruction problems such as
senting the signal to a human observer, pre-smoothing a sigiia@ge restoration, image scaling, super-resolution, and more.
and noise removal may help to improve the performances forThis paper is organized as follows: In the next section we
many signal-processing algorithms, such as compression, geortly describe the bilateral filter as was proposed in [14]. Sec-
tection, enhancement, recognition, and more. From this aspéiemn 11l describes the AD, WLS, and RE methods. In Section
noise removal is appealing both because it relies on a well-&¢-we propose a novel penalty term, strongly related to the one
tablished theory, and also because the proposed algorithm#igection lll, and yet different. We show how this new penalty
this field are efficient and thus practical. term yields the bilateral filter. Section V discusses several im-
provements to the bilateral filter based on our new model. In
Section VI we compare the various methods discussed in this
Manuscript received March 31, 2001; revised April 3, 2002. This work wadaper for simple one-dimensional (1-D) signals. We summarize
done while the author was with Hewlett-Packard Laboratories, Israel (HPL-this paper in Section VII.
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to simplify the notations we stick to the 1-D case throughout The bilateral filter is controlled by three parameterg:
this paper, though all derivations apply to the two-dimensiondictates the support of the filter. Larger support gives stronger
(2-D) case just as well. smoothing. The parameters, o control the decay of the two
An unknown signalX represented as a vector goes througheight factors. For very large (infinity) values we get a simple
a degradation stage in which a zero-mean white Gaussian naisdorm nonadaptive filtering, which is known to degrade the
V is added to it. The result is the corrupted sighiadiven by  signal edges. Using too small values reduces the smoothing
effect.
Y=X+YV. (2.1) It is interesting to note that just recently Chetral. [18] pro-
posed a new filter named digital total-variation for noise re-
Our task is to remove this noise and restdfegiven the de- moval. As it turns out, their filter is very similar to the bilateral
graded signal’. The bilateral filter suggests a weighted averaggter. However, they chose to use the total-variation penalty to
of pixels in the given imag#’ in order to recover the imag€  compute the weights, as opposed to the exponential terms used

5 N Wik ]y [k | by Tomasi and Manduchi [14]. More importantly, they restricted
n=—N 1 —-n

X[k] _ 2.2) the application of the filter to a small support, thus losing the
ZQ’Z_N Wk, n] ' ' filter's prime origins of strength.
This equation is simply a normalized weighted average of a ll. ANISOTROPICDIFFUSION, WLS, AND RE

neighborhood of2N + 1] samples around théth sample. h denoisi blem described ab K
The weightsiW [k, n] are computed based on the content of the For the same denoising problem described above, a known

neighborhood. For the center sampi¢k], the weightiW [k, n] approach s to del;me a rp])enallt(y fa;gtmv\?al that ?fSt replresents
is computed by multiplying the following two factors: our requirements from the unknowx. We want the result to

be as close as possible to the measured sitinahile being

d?{[k],[k — n]} n2 smooth. Smoothness should be forced in atemporally (spatially)
Wilk,nl = eXp{_T} = eXp{_ﬂ} dependent manner in order not to suppress edges in the signal
RIYE], Y[k — n]} X. Thus, one either uses weighted least squares (WLS) [6]
Wrlk,n] = exps — 57 .
o is{X) = S X - Y X -Y
Y[R = Y[k o] ewis{d} =5l ~ YL ~1]
= expy — 20_2 . (23) by
R

+5 X -DXJ'WY)X - DX] (3.1)
The final weight is obtained by multiplying these two factors or a robust estimation technique (RE), using ad-function”

Wk, n] = Ws[k,n] - Wg[k,n]. (2.4) denoted as [7], [8]

The weight includes two ingredients—temporal (spatial in erp{X} = %[ﬁ -YJ'X -Y]+ %P{l - DX} (3.2
case of images) and radiometric weights. The first weight mea-
sures the geometric distance between the center sdhj@lad The matrixD stands for a one-sample shift to the right (toward
the [k — n] sample, and Euclidean metric is applied here. Thi§e origin) operation. Thus, the ter@X — D.X) is simply a
way, close-by samples influence the final result more than diéiscrete approximation of a backward first derivativeZlf=
tant ones. X — DX, thenZ[k] = X[k] — X[k — 1]. As an exampleD is
The second weight measures the radiometric distan®@own for a signal with ten samples. The top line nonzero entry
between the values of the center samplé] and the[k — n] iImplies circulant operation in order to avoid boundaries effects
sample, and again, Euclidean metric is chosen. Thus, samples
with close-by values tend to influence the final result more
than those having distant value. Of-course, for both weights
we are free to adopt any other reasonable metric. Also, instead
of using the Gaussian function, other symmetric and smoothly
decaying functions can be used. D=
Looking at the kernel applied on the input signal at ke
sample, this kernel has the following characteristics.
1) The sum of this kernel's coefficients is 1 due to the nor-
malization.
2) The central value of the kernel (the coefficient multi-
plying the center sample) is the largest. Its size dependsThe matrix W is a diagonal matrix that weights the local
on the others due to the normalization. gradients. This matrix main diagonal depends on the unknown
3) Subject to the above two constraints, the kernel can takeageY . Later we show how this matrix can be constructed.
any form! We will return to this property as we describén the RE, the functiop(«) is symmetric nonnegative function
the alternatives, and see that this phenomenon may betihat penalizes gradient values. The chqgite) = 0.5a2 gives
basis for better performance. the trivial LS approach.
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Both these penalty functionals can be shown to emerge from TABLE |
the Bayesian framework and represent the MAP estimation = CHOICES OFp() AND THEIR EQUIVALENT WEIGHT FUNCTIONS

[6]-[10]. In both cases, an iterative algorithm is typically
required in order to find the signak that minimizes the p(a) o'(@) w(e)
functionals [6]-[8]. A natural choice is the steepest descent
(SD) algorithm due to its simplicity [15], [16]. This algorithm ;
requires the computation of the first derivative of the functionals 50‘2 o 1
(96 s X .
OewistE) _1x )4 a1- DF W) - Dlx y o | @
(3.4)
and 9 X o’ +e 7\/0{2+€2 /\/a2+£2
Oemed X} _ [y _ y)+ AT - DJ/{T - DIX}. 35)
0X & 206? 267
A . %0,2+52) (a2+£2)2 (a2+£2)2
The SD stage performed once withas initialization gives
XWLS B XWLS B Jewrs{X}
=t =0 0X  |y_gwis bilateral filter, on the other hand, is an ad-hoc filter without theo-

retic background but nevertheless with impressive results. Both

v _ _p\7T _
=Y - pMI-D)WE)I-D)Y  (3.6) approaches give similar (but not equal) qualitative results [14],

and though the AD/WLS/RE require many iterations and the bilat-
X?E = X?E — Jerp{X} eral is a “one-pass” algorithm. There are ways to humerically

o o oX X=XNF speed the WLS/RE and reduce the number of iterations required

=Y — pMI-D)T{(I-D)Y}. (3.7) [17], but still, the main difference between these two approaches

is that the bilateral filter exploits all the relevant neighborhood
Looking at both iterative procedures, we see that they will pré? parallel, whereas the AD/WLS/RE apply some sort of diffu-

duce the same solution after the first iteration provided that Sion of the neighborhood influence.
In the next section we show that the bilateral filter can also

VY, WY)(I-D)Y =,{I-D)Y} be derived from statistical estimation and regularization theo-
P {(I-D)Y} ries. This result is important for several reasons: First, it gives
= W)= W (3.8) ways to better understand the bilateral filter. Second, it creates
o the necessary link between the AD/WLS/RE and the bilateral
where the above division is applied entry-by-entry. This equfilter. Third, it enables us to suggest further improvements to
tion says that for a specific sample in the sighialdenoted as the bilateral filter.
Y'[k], its weight is computed by the formula

IV. DERIVATION OF THE BILATERAL FILTER
_ PHY[R] - Y[k - 1]}

W =~ v =1

(3.9) Since we have seen equivalence between the AD, the RE and

the WLS approaches (in their first iteration), we consider here-
Blacket al.linked between the anisotropic diffusion and the roafter the WLS due to its formulation simplicity. We propose the
bust estimator and obtained a similar formula [12]. We see hdt#iowing new penalty functional for the unknown signl
that this formula also links between these two approaches (RE
and anisotropic diffusion) and the WLS. Table | shows how thg v} — E[X ~Y|"[X - Y]
weights are obtained for several choices of the funcpien . o2 T

After the first iteration the WLS and RE depart—whereas the

WLS sticks to the same weights, the RE re-computes their values

based on the updated solutiﬁ{m. Thus, the RE is expected to

outperform the WLS, provided that«) is convex. This is be- When the matrixD is raised to the power it implies a shift

cause convexity gf( ) implies convexity of the entire functional, right of » samples. Thus, as opposed to the previous smooth-

and therefore convergence to the global minima point [15], [16jess terms, the difference between this functional and the one
So far we have been focusing on the WLS and the RE. Theesented in (3.1) is the use of several scales of derivatives, all

anisotropic diffusion (AD) is different in the sense that it uses thapplied directly on the unknown image. Note that we can sug-

continuumtorepresentits behavior [1]-[5]. However, since evegest a continuous domain form of this penalty function

tually we work on a discrete signal, we discretize the propagation

equations and get a similar equation to the one shown for the RE (1)} — 1 /(x(t) — y(t))? dt

method. This is why we did not present this tool separately [12]. 2

N
+ 3 ;[1 ~D"X"W(Y,n)[X -D"X]. (4.1)

t
The AD, WLS, and RE algorithms are based on a solid theory A T 9
of statistical estimators and regularization theory [1]-[8]. The ) /t/ﬁow(y(t)’ 7) (1= 6(t 7)) ©x(t)" dr dt
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and apply variational-calculus for its minimization. Here, weample? As we show in the next analysis, the kernel is the bilat-
employ a convolution denoted l®) with the Kronecker shifted eral filter. In order to show this result, we first have to specify
delta function in order to facilitate the shift. The integral over how the weights are chosen. We can use the formula in (3.8)
gives the resulting filter its wide support froml’ to 7. {(I- DY)

Taking the first derivative of (4.1) with respect to the unknown W ,n) = LRSS
X we get the following gradient vector (I-DmY

However, the weights here should also reflect our decreased

(4.7)

82{%} confidence in the smoothness penalty termwagows toward
= N N. Thus, a reasonable choice is
=[X - -DM)? - D" {(I-D"Y
[X mu}_jla D)W (Y, n)(I-D"X W(Y.n) = pg —D")if_} V) 4.8)

N
T+ Z(I ~D WY, n)(I - D")] X-Y for some nonnegative symmetric and monotonically decreasing
functionV(n) (e.9.,V(n) = o™,0 < o < 1).
(4.2) Note that, as far as the first iteration is involved, the iterative
equation can be written alternatively as

n=1

where we have used the relatigb™)? = (D))" = N
(D_l)n =D > _ . _ —n\ L/ _ n
If we assume again a single iteration of the SD algorithmxlL =X )\M(X);V(n) (I=D7)p (I =D)L
applied withY as the initialization, we get - (4.9)
N
S J— o Looking at (4.6) and choosing thigh sample (assumed not to
A =1 ”)‘;(I DWW, n)(I- D )] r. be close to the signal's boundaries) from the result, this value is

(4.3) computed in the following way:

N
Speeding-up the above iteration can be done using Iocam[k] =Y[k] - )\M(Y)Z(I—D—")
adaptive step-sizeg. We can use the inverse of the main o

n=1

diagonal of the Hessian matrix—the second derivative of the
penalty functional [15], [16]. This algorithm is known as the X W(Y,n)(I— D")X] (4.10)
Jacobi algorithm, or the diagonal normalized steepest descent L
(DNSD) [15], [16]. The second derivative is the following , ,
matrix: Let us introduce several temporal notations
PelX) e m DL
£
7 = HY) =T+ (I-D WY n)(I-D"). B, = W(Y,n)I-D")Y = W(Y,n)4,
- n=t 4ay Co=T-DT)WEX 0)I-D"Y =(-D)B,
' (4.11)
From this matrix, we need to extract the main diagonal, whicf}1 h ite the followi lations:
by definition is known to contain real and positive values, adNus, per the samplewe can write the following relations:
suming that the weights are all positive. We define a step-size Anlk] = YK — Y[k — n]
matrix M, which extends the notion of the previously ugelly Wiy :)|k Vi) YR = Yk — n]}
M(Y) = [¢1+ diag{H(Y)}]". (4.5) - Y{k] = Y[k —n]
N ) ) P{Y[k]—Y[k—n
The additional terngT relaxes the step-size matrix and ensures B[kl =V(n) ;[lg] ]_ Y[l£ — n]]}

stability. Thus, the DNSD iteration is
-(Y[k] = Y[k —n]),

N Clk] = Bulk] — B[k + n]

X, =Y -2MY)> I-D "W, n)(I-D")Y
N Y[kl - Y[k —n]
= [I-AM(Y) > I-D "W, n)I-D")|Y. (Y] - YTk — n)])
In both the SD and the DNSD we get that the solutin A(Yk] = Y[k +n]).

is obtained via a linear operation on the distorted imgg&e-
ferring to this linear operation as a signal-dependent linear filén, this expression, we exploited the fact that the funcpon)
we may ask what is the kernel applied on a neighborhood ofssknown to be symmetric and therefore its first derivative is
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unsymmetric. Thus
PAYTE+n] =Yk} = =g {YTk] = Y[k + n]}.

Gathering together all the terms for all valueswoive get

Xi[k] = Y[E] = AM)|g - Z Vi(n)
AL b et VSR T 1}

NCEED) (412)

We can refer to the above expression as a time varying con@s\d

lution of the form

N
XM= > flLk-YE-1 (4.13)

(=—N

where this filter's coefficientg’ are given by (4.14), shown at

the bottom of the page. We now turn to analyze the expression

M(Y)|x. Using (4.4) and (4.5), we get

1

MOk = T Dl

1
CEHLIFAYY Vi)

PAY[K]-Y[k—n]}
YR =Y [k—n]

1145

the same as described in Section Il for the Tomasi—Man-
duchi bilateral filter. In this relation, we have the fol-
lowing correspondence:

Wslk, £ = V(£)
. PY K] =Yk — £}
Wglk,f] = O V=) (4.17)
Thus, if we choose
£2
) =expd —— .
Vi =en{ -5} (@18

POVl f DY)
(Y[k] = Y[k = n]) 20%,
= pla) = —o%, exp{—ﬂ} (4.19)

we get the same filter as in the bilateral filter, as described
in [14].
5) Increasing the value & or reducing the value of, we
get that the obtained filter tends toward the unit filter (the
identity operation, leaving the image intact).
We have obtained the bilateral filter by Tomasi and Manduchi
[14]. Thus, we have that the bilateral filter is merely a single
iteration of the DNSD (or Jacobi) algorithm, using the penalty
functional proposed in (4.1). This penalty functional is different

(4.15) from the one used by the WLS/RE in the regularization term.

Thus, the filter coefficients are shown in (4.16) at the bottorWhereaS. the .WLS/RE penalizes smoothness with the first
L eighboring pixels, the new term penalizes nonsmoothness
of the page. From the above results, and the description of th ; X
. S . . with distant neighbors as well.
bilateral filter in Section Il, we can draw several observations:

1) The sum of all coefficients is 1, as should be in the bilat-

eral filter.
2) If the M-functionp(c) is symmetric and monotonic non- Now that we have an origin for the bilateral filter, we can
decreasing (from 0 tac), all the filter coefficients are consider several improvements. In this section we will describe

1) how to speed-up the bilateral filter and increase its
smoothing effect;

V. IMPROVEMENTS OF THEBILATERAL FILTER

nonnegative.

3) If the M -function p(«) is subquadratic (i.e]o’()|
|a]), and if AV (n) < 1,thenv/ | —-N < £ < N, f[¢, k] 2) How to implement a bilateral filter for piece-wise linear
f10, k]. signals.

4) The coefficientf[£, k] represents the weight according tdn the following presentation we stick to the formulation of the
which Y[k — £] contributes to the evaluation of the re-bilateral filter as presented in the previous section.
stored pixelX [k]. This coefficient includes two parts: the Before we turn to describe the aforementioned improve-
spatial weigh®/(¢) and the radiometric weight given byments, we emphasize that the smoothness penalty term that
P {Y[k]-Y[k—£€}/(Y[k]-Y[k—£]). These two parts are originates the bilateral filter as given in (4.1) can also be

<
<

AT = YR 1)

A LV ¢
e M(Y) | - V(£) (YK - YTk 7{@[“ Vi #0 @10
N p i W —
L= AMMle - Xy V) gy 70
v SRR ey
S = EFTHAEIS V) e t#0 (4.16)

E+1
£+1+)\Er]:r=7]\f V(n)-

PAY[k]-Y[k—n]}
YR —Y [b—n]
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used for a variety of restoration and reconstruction problema.this equation applied foﬁ1 [k], the lower-triangle part mul-

Among these problems are image restoration, image scalitiglies elements OKO with indices smaller thai. Instead, we

super-resolution reconstruction, optical flow estimation anzhn use these entries taken frd_i'q. Moreover, since the last

more [9], [10]. termin (5.3) is a diagonal matrix muItipIyirﬁO, we can exploit
Also, as a consequence of our findings, we can simply suggésts well and replace the multiplication tjgo [%] with multipli-

the application of the bilateral filter several times, implying se\cation bel [k]. Thus, we get

eral iterations of the DNSD. By doing so, the signal is smoothed

and gets to a steady state, which will be the global minimum _. R d d .
point of the functional in (4.1). Xy =Xo+ “ZBJ —H Z Qj Xo
J=t j=1 Upper
A. Speeding-Up the Bilateral Filter J J
The bilateral filter can be speeded-up in one of two methods, —H Z Qj Xy —p Z Q; X
and any combination of them. Given a general quadratic penalty J=1 Lower J=1 diag
function of the form Y
I J -t J
e{X}=>" bfcgjg—gngrq} 1) Xi=<SI+p ZQJ : XOﬂLZBj
J=1 j=1 diag j=1
the SD iteration reads J X J X
AN Xo—n|> Q) X,
J = .
N N 86{&} 3 A~ i=1 Upper J=1 Lower
X=X - X %, =X, - N;[Qjﬁo - Bj]' (5.2) (5.4)

.. Theinversion required above is trivial since the inverted matrix
Clearly, the resemblance between (5.1) and (4.1) is evident # g

is diagonal.
we choose the@;, 2;}; from (5.1) as A different alternative for speeding the bilateral filter is to

_ _ b INT b1 exploit the fact that the gradient is naturally sliced into several
Q=1 Qu={I-D")"W(, k-1 -D") parts. Returning to (5.2) we can rewrite it.Asterations of the

and
BlzL 21222223:"'221\’-1-1:9
fork=2,3,...,N+1.

Xy =Xy — p[@Q1 Xy — Py

Xy =X — p[Q:2X, — Py
Xy = X5 — p[Qs X, — Py

One way to speed the SD convergence is the Gauss-Siedel :

approach [15], [16]. In this approach, the sampleskqgf are . L .

computed sequentially frod; [1] to X, [L] (assuming.. scalar X, =X, —plQuX, - Pyl (5.5)

samples in the vectak ,), and for the calculation o, [k],

updated values ot , are used (instead of onl§/,, values). This

“bootstrap” method is known to be stable and converge to tR§

same global minimum point of the penalty function given ié :

(5.1) [15], [16]. A more systematic way to describe this proce

is via the decomposition of the Hessian to the upper-triang

lower-triangle, and diagonal parts

This way, the final solutiocﬁj is closer to the global minimum
int of the penalty function in (5.1). Similarly, the gradient in
6) can be sliced intdN + 1) parts and can be applied as
v+ 1) iterations. The final result will be closer to the global
inimum point of (4.1), which means a smoother result.
'Note that by applying/ iterations, the computational load
is similar to the one required witl iterations of the WLS/RE

J methods. However, the results are expected to be totally dif-
X, =X,- NZ[Q;’XO - P, ferent, since by applying different kinds of derivatives (due to
j=1 the use of different neighbors) we get stronger smoothing ef-

fect. Also, in this algorithm, if we smooth thigh sample, if the
[k+n] sample does not contribute to the center sample due to its
distant value, this does not imply anything about further distant
- 3 neighbors behind it (e.glk + n + 1], etc.). In contrast to this,

,M&
L
=

)
Il
—

J
Jj=1

J J
3 _ ' 5 in the WLS and the RE, noncontributing samples imply that all
=Xotn ZIBJ K 221 @ X0 samples behind them are masked and cannot contribute as well.
= 7= d Upper
J J B. Treating Piece-Wise Linear Signals
K ZQJ Xo—p ZQJ Xo- The penalty functional in (4.1) is designed for piece-wise
=1 Lower g=1 diag constant signals. This is because our smoothness penalty term

(5.3) penalizes for the first derivative of the signal in various scales.
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Instead, we propose an alternative functional designed fehere Dy is a horizontal shift operator by one sample, and

piece-wise linear signals similarly, Dy is a vertical shift operator by one sample. Note
1 that the weights also reflect the derivative direction, using an
e{X} = 5[& ~-YX -Y] extended form of (3.8). In a similar manner, (4.1) becomes
N - v T 1
A . D'X+D™"X X1 = X-YIfX-Y
+33 xR A} = HIX - VI X - Y]
n=1 P N .
D" X DX - _ yrimyne
X W(Y,n) [X— #} . (5.6) + 2 Zo Zo [X — Dy Dy? X]
e nlrff—zn—z>0
The first and the second derivatives of (5.6) with respect to the x W(Y,n1,n2) [X — DY D X]

unknown X yield
and again, the weights need to be computed using the same 2-D

9e{X} al D"+ D" shift.
— = T+ X I-—
0X * nz_:l 2
- VI. SIMULATIONS
D"+ D" . o
X W(,n)(I- — X-Y In this section, we demonstrate how the various discussed ap-
proaches compare with each other. All our simulations are per-
(5.7)  formed on simple and synthetic 2-D signals. Fig. 1 presents a
and piece-wise constant test imag& ) and its noisy versiofY’).
P?e{X} N D"+ D" The additive noise is Gaussian with zero mean and variance
ax? HY)=T+A)_ <I - f) 0, = 0.2 and the values of the imag€ are in the range [1,
- n=l N _n 7]. All the following simulations aim at removing this noise and
x W(Y,n) <I _D"+D ) _ (5.8) reconstructingX fromY'.
- 2 Fig. 2 shows the results obtained by the WLS and the RE

From these expressions we can extract the DNSD iteration Mﬂ?th"ds; The WLS was appligd with weights corqputed via the
Y as initialization. After several tedious algebraic steps we g&tSUMPtion(«) = |al, choosing) = 1, and applying 50 SD

that, again, the input signal is convolved with a locally adap- 't€rations. Similarly, the RE useg(a) = |o],A = 1 and 50
tive filter of the form iterations. The obtained mean-square-error (MSE)!giirthe

v WLS method is 3.90. The MSE gain for the RE is 10.99. It is
- ‘ evident that the RE method is far better compared to the WLS
X[k = Z JI k] - Yk — 4. (5.9) both visually and via the MSE assessment.
t==N Fig. 3 shows the result obtained by the bilateral filter with
The coefficients of this filter are given by (5.10), shown at theveights as given in (4.18) and (4.19). The parameters in this
bottom of the page. This means that the spatial weight dagmulation are the followingh = 1,05 = 2.5,0p = 0.5, N =
not change, and the radiometric weights simply uses a secdn(.e., the filter supportis 1% 13 pixels). A single application
derivative instead of the first one. of this filter gave an MSE gain of 23.50. This result is roughly
Remark: In going to 2-D signals, the various penalty funcequivalent and slightly better, compared to the RE result after
tions need to be updated accordingly. For example, (3.1) tu®f3 iterations. Fig. 3 also presents the result after ten iterations
to be of the bilateral filter. The MSE gain in this case is 318.90.
1 The basic bilateral filter (single iteration) gave an MSE gain
ewrsiX} = 5[& -Y]'[X -Y] of 23.50. Applying the Gauss-Siedel with the same parameters

- (and thus, having the exact same complexity) we got an MSE
+ [ X =Dy X]"Wy(Y)[X - DyX]
IThis gain is defined as the ratio between the MSE before and after the fil-
T tering. Thus, this value is always positive, and larger values indicate better fil-
[X - DVX] Wy (X) [& - DV&] tering result.

| >0 >

+

P {X[/f] _ Y[k—é};—Y[k-{—é}}

(v - Ve IN<e<N,
}

L / o Z[k]iY[k—n]ﬁ»Y[kﬂ»n]
fl, k] = E+1+A§:::_NVTn) é;uyuﬂgiu+ﬂ)

AV () -

(5.10)

Y[k—n]+Y[k+n]
; e B
EHLHAY V() { - ;

\ (e - YE=2 YT
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(@) (b)

Fig. 1. (a) Piece-wise constant test image and (b) its noisy version.

@ (b)

Fig. 2. WLS (a):MSE gain = 3.90 and the RE (b)MSE gain = 10.99 solutions after 50 SD iterations.

@ (b)

Fig. 3. Bilateral filter result after one iteration (&)ISE gain = 23.50 and after ten iterations (b)MSE gain = 318.90.

gain of 39.44. Applying the second speed-up approach with tRig. 5 shows these results. Fig. 6 shows the reconstruction error
sliced gradient terms [as proposed in (5.5)] we got an MSE gdir the two cases (using a gain of 80 in order to extend the dy-
of 197.26! In both cases, the gain is mostly evident via the MStamic range to a visible image), and it is quite evident that the
since the images are very close to the origifal Therefore new approach is much better.
there is no point is presenting the image results in a figure. As a final point in this section, we return to the claim about
Fig. 4 shows a piece-wise linear imageand its noisy ver- the continuity of the filter coefficients in the RE, and the fact that
sionY . The noise variance is, = 0.2 and the values ok are it is not so for the bilateral filter. We discussed this behavior at
in the range [0, 16]. An attempt to recover this signal using tlibe end of Section V-A. Fig. 7 shows a noisy piece-wise image
regular bilateral gave an MSE gain of 1.53. We see that thdheckerboard), where the size of every constant pieceigl4
is almost no effective filtering. A piece-wise-linear compatiblpixels. The original image values are in the range [0, 4] and the
bilateral filter as proposed in (5.9) gave an MSE gain of 12.9fhoise variance is,, = 0.2, as before.
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(@) (b)

Fig. 4. (a) Piece-wise linear test signal and (b) its noisy version.

(@) (b)

Fig. 5. Bilateral filtering results for the piece-wise linear case: (a) regular bilateral filter and (b) the piece-wise-linear compatiblefiligatera

@ (b)

Fig. 6. Bilateral filtering error images for the piece-wise linear case: (a) the regular bilateral filter and (b) the piece-wise-linear conpigtibldilter.

This signal was filtered by the RE (same parameters be seen, the effective support of the filter extends to exploit
before and using 1500 iterations) resulting with an MSE gamost of the relevant neighborhood, without constraining itself
of 2.32. A single iteration of the bilateral filtgt\ = 1,0, = to have a convex shape.
5,0r = 0.5, N = 6) gave an MSE gain of 19.97. Fig. 8 shows
these results. The main reason for the much better performance
with the bilateral is its ability to create a local filter that VIl. SUMMARY
has a nonconnected structure. Fig. 9 shows the weights for a
specific pixel in the image. We see that the weights contain aTomasi and Manduchi proposed the bilateral filter in 1998
spatially decaying behavior due to tHés, and a checkerboard [14] as an appealing algorithm for noise removal from images.
structure induced by the radiometric weightég. As can As such, this algorithm was posed as an alternative to locally
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(@)
Fig. 7.

Fig. 8.
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(b)

(a) Piece-wise constant test image and (b) its noisy version.

(b)

(a) RE and (b) the bilateral filtering reconstruction results.

Center Pixel

Fig. 9. Bilinear filter weights at the point [48, 48].

adaptive well-known algorithms such as the anisotropic diffu-
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