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ABSTRACT

We propose an extension of the Filtered Back-Projection
(FBP) algorithm for reconstruction of attenuation images in
Computed Tomography (CT). In our scheme, the standard
filtering of projections with windowed ramp kernel is re-
placed by an adaptive, spatially-variant linear filter, based on
a structured bank of 2D convolution kernels. In addition, the
proposed scheme includes a post-processing step of image fil-
tering by convolution with a 2D adaptive filter. Both filters are
trained for specified reconstruction task via an optimization
of corresponding objective function. The reconstruction task
is defined through (i) a representative set of specific family
of images; (ii) data acquisition conditions (partial set of pro-
jections, noise level); and (iii) a Region-Of-Interest (ROI) to
be recovered. The resulting adaptive scheme absorbs various
imperfections of reconstruction algorithm and specializes to
given task, effectively improving the reconstruction quality.

Index Terms— Computed Tomography, truncated pro-
jections, adaptive scheme, trained filter.

1. INTRODUCTION

In transmission tomography, FBP is the main direct algorithm
employed for CT reconstruction in 2D parallel-beam scan-
ning geometry. It is simple, fast, and theoretically precise,
implementing the Radon inversion formula for X-ray trans-
form in two dimensions. In practice, FBP has a number of se-
rious drawbacks, among which, this algorithm is oblivious of
the statistical data acquisition model, hence has very limited
adaptivity to given reconstruction task. A number of improve-
ments has been made in the reconstruction scheme, achieving
better performance and reducing artifacts — pre-processing of
the projections set, smart discretization and interpolation op-
erators, post-processing of the images, and more. Despite
that, the core component of FBP - projections filter - remains
almost unchanged.

Despite low reconstruction quality, usage of FBP has its
merits. More elaborate, statistically based algorithms provide
better performance but at the cost of increased computation
time, since they require iterative computations with huge data
volumes. Time is often a critical factor in clinical radiology,
especially in computer-aided surgery. It is therefore important
to improve direct reconstruction algorithms.

Our approach to the task of reconstruction from ill-
conditioned data consists of extending the formally derived
FBP algorithm to a robust adaptive scheme using a statisti-
cally based training process. In practical reconstruction, our
scheme should compensate for discretization errors, present
noise characteristics, incompatibility of the projection trans-
form (realized in CT hardware) and the back-projection (im-
plemented in software). Also, the desired family of images
and data acquisition conditions are taken into account, spe-
cializing the algorithm to local requirements. An important
benefit of our approach is the fact that the new reconstruc-
tion algorithm relies on the existing FBP core, and as such,
requires minor modifications in existing CT reconstruction
tools. Numerical experiments display the advantage of this
scheme over the standard FBP algorithm.

This paper is organized as follows: Section 2 provides
background material and brief survey of related work. In Sec-
tion 3 we define the filtering design goal, and the proposed
reconstruction scheme architecture. The focus of Section 4 is
the kernel design itself, and experiments are reported in Sec-
tion 5.

2. PROBLEM STATEMENT AND BACKGROUND

We now introduce the problem setup and terminology of 2D
computed tomography. For a broad introduction to the sub-
ject, the reader is referred to [3, 7, 10]. Let p(xq,22) be a
two-dimensional attenuation image. The scan data, obtained
in parallel beam scanning geometry, comprises of a set of
measurements {y,}, for some collection of lines £ = £(6, s)
in the plane, parameterized by the angle 6 between the line
and the = axis, and by the distance s of the line from the
origin. To account for photon counting errors, the measure-
ments y, are modeled as realizations of random variables
ye ~ Poisson (Ipe~®e) where (Rf); = [, p(x1,22)dl is
the Radon transform of p at line ¢ and [, is X-ray intensity of
the source. This is a simplified statistical model for transmis-
sion tomography scan, which can be extended to account for
many physical phenomena [12]. As seen, the variance of the
resulting Poisson noise depends on the initial X-ray intensity
as well as on the scanned object.

A set of projections (sinogram) is obtained from the mea-

surements {y¢} by go(s) = —log %. In the noiseless



case (y; = Ipe~®)¢), we have simply g = Rf. Filtered-
Back-Projection is a direct algorithm for reconstruction of the
attenuation function (1, 22) from the sinogram gy(s). It is
based on the Radon inversion formula, and consists of two
steps: (i) Apply a convolution filter to each projection gy, with
the kernel x(t) defined in Fourier domain by #(w) = |w| (the
filter of Ramachandran and Lakshminarayanan (Ram-Lak),
also known as the ramp filter [11]); and (ii) Apply the adjoint
R* of the Radon transform (the back-projection transform).

In continuous domains, with noiseless data and an ideal
projection and back-projection pair, the above algorithm is
exact. However, real-world applications suffer from various
problems: (i) The kernel (t) amplifies the high-frequency
noise; (ii) CT scanner does not produce an exact Radon trans-
form, and the back-projection transform implemented in soft-
ware may not accurately represent its adjoint; (iii) Discretiza-
tion errors are introduced in both stages of the algorithm; and
(iv) The global nature of the two-dimensional Radon trans-
form does not allow to apply FBP to partial projection data
(e.g., a set of projections through a Region-Of-Interest, lim-
ited or sparse angles, or a partial field of view).

There are various techniques proposed for addressing
these problems. We briefly mention few such attempts. As
to the filter to apply, it has been observed that a proper filter
design can improve the reconstruction [4, 8]. Windowing
of filter kernel in the Fourier domain to the desired band-
width helps to eliminate the high frequency noise. Hann or
Butterworth windows are usually applied to the ramp ker-
nel, or a Shepp-Logan kernel is used, which has properties
similar to the windowed ramp filter. Non-linear filtering is
also proposed [1]. A sinogram correction before the appli-
cation of FBP is also considered and practiced for improved
reconstruction [12, 9]. In [12], the sinogram is restored by
iteratively optimizing a statistically based penalty function.

In [6] B-spline decomposition is used to construct an ef-
fective implementation of Radon transform and the FBP, with
reduced interpolation and discretization errors. Accurate sta-
tistical modeling of the acquisition process provides high-
quality reconstruction images obtained as the optimizer of
a Penalized Likelihood (PL) function. It is computed iter-
atively using wide range of specially designed optimization
techniques. Desired properties of a reconstructed image can
be introduced to PL function as a prior, thus improving the
quality of reconstruction. We refer to the papers [5, 2] for
comprehensive description of such algorithms.

3. ADAPTIVE FBP ALGORITHM

3.1. General

We propose an extension of the FBP algorithm, called
Adaptive-FBP (AFBP), which employs more powerful and
robust filtering stages, combined with adaptive filter design.
The kernel bank for AFBP filters is trained for a recon-

struction task via an off-line optimization process, with cor-
responding objective function. The task is defined by the
following parameters:

1. The family F of images, on which the algorithm is
to be applied. In medical imaging such specialization
is often possible: besides the fact that all clinical to-
mographic images represent a family with quite spe-
cial properties (piecewise smooth images consisting of
distinct tissues), also scans of individual organs have
their common intrinsic properties. We empirically es-
tablish a clear gain in reconstruction quality emerging
from training the algorithm parameters on a set of such
images from a given family.

2. The structure of available set of projections. The pro-
jections are allowed to be truncated to a specific ROI,
or lack some subset of projection angles, or have some
other limitations. While the perfect reconstruction in
many such cases is impossible, the algorithm attempts
to compensate the missing data by a training process.

3. The X-ray intensity of the scan. It helps determining
the variance of the Poisson noise, present in projections
(which is also data-dependent).

Basic merits of the proposed scheme are (i) avoiding iterative
algorithms; (ii) adapting to the problem characteristics (pro-
jection limitations, family of images, noise behavior, model
imperfections, and more); and (iii) preserving existing CT
devices’ configurations, while being able to provide higher
quality reconstruction, or reduced X-ray dosage.

3.2. Reconstruction scheme

Since in practice the conditions for precise reconstruction are
not met, we abandon the attempt to implement a theoretically
exact formula for inverse Radon operator; instead, we use a
robust reconstruction scheme, presented below, which param-
eters are optimized for specified objective function. The re-
construction procedure is defined by the following operator:

F?  Rr* F, -
Tep:9—>09— f! =5 f. (1

Here, FZ is a filter operator in the projection domain, ap-
plied with a set of parameters . Filter structure is detailed
below. Similarly, F/ is a filter operator in the image domain,
which is a 2D convolution with kernel ». R* stands for the
back-projection operator, and the resulting f is the estimate
for attenuation map. Notice that FBP is the special case of
this algorithm, when F'” acts by a convolution with the ramp
kernel and F! = 1.

Use of adaptive scheme allows us to extend the filter type
of F£ from a constant one-dimensional convolution kernel,
applied to each projection (as practiced today with FBP), to a



more general linear filter. We consider the following general-
izations:
1. 2D convolution kernel: Despite the fact that the theoreti-
cal Radon inversion formula only requires a separate filtering
of the sinogram projections, valuable information can in prac-
tice be provided by the neighboring projections. Thus we can
use a 2D convolution kernel h(z1, z2), applied on a neighbor-
hood of each projection gg. The single filtered projection gy
is then extracted from the convolution output.
2. Angle-dependent convolution kernel: We aim to com-
pensate for the angular discretization error of the back-
projection operator, which accounts differently for projec-
tions parallel to x axis of the image grid and for those
making an angle of /4 rad with the axis. This problem
is addressed by angular differentiation of kernels, using a
different convolution kernel hy for each projection angle 6.
In practice, the angle-parameterized kernel bank is deployed
from a small number of pivot kernels {hg,}, for angles
{6k, k = 1,..., K} evenly distributed over over the range
[0, 7/8]'. The kernels for intermediate angles are computed
as weighed linear combinations of the two nearest pivots:
for each relevant 0 < 6 < /8 with 0, < 6 < 01, we let
he = (1—a)hg, +ahy,, ,, where o = (0 —0x)/(Oxq1—O).
3. Distance-dependent convolution kernel: There is a dif-
ference between central and peripheral regions of the image,
expressed both in the discretization aspects of the sinogram
and in properties of attenuation maps. More specifically, a
central pixel in the attenuation image generates a curve in the
sinogram, which is discretized differently from the curve gen-
erated by a peripheral pixel. In the attenuation image, periph-
eral regions often feature the body boundaries and the blank
areas outside the body. Thus, a spatially-variant projection
filtering can and should be devised to account for these dis-
tinctions. In the first version of spatial differentiation of ker-
nels, we train a sequence of kernels x4 for a number of fixed,
unsigned distances s from the center of the image (and of the
projection vector). Thus each segment of the projection will
be filtered by convolution with corresponding 4. Spatially-
variant filtering has special importance in case of ROI recon-
struction. When the projections are truncated to the region of
interest, central part of the remaining projection should be fil-
tered using a symmetric kernel with small spatial support, to
reduce the truncation error. For projection pixels which reside
near the edges of the region, the information should be gath-
ered in a non-symmetric way, only from non-truncated part
of the projection. These considerations entail use of more
elaborate spatially-variant filtering, where the kernel bank is
parameterized by a signed distance s from the projection cen-
ter, and the values of s vary from 0 to the radius of ROI. Such
design is the second version of spatial differentiation, used in
the algorithm.

Filter generalizations (“features”) detailed above are mu-

I'This bank of kernels is then mirrored and duplicated to cover the corre-
sponding sectors of the whole scan range

tually independent, hence can be combined into a pow-
erful and flexible sinogram filtering operator with high-
dimensional set of parameters. This linear operator treats
each pixel in the sinogram according to its angular and radial
location, with proper account of its neighborhood and trunca-
tion conditions. The key constituent of the AFBP scheme is
the way the kernels « and v are derived. It is presented in the
following section.

4. KERNELS DESIGN BASED ON
RECONSTRUCTION TASK

The basic reconstruction scheme is adjusted to the given re-
construction task. Information defining this task is conveyed
to the algorithm through the training of the kernel banks x, v,
optimized for the appropriate objective function. This infor-
mation consists of the following items:

o Training set F, of high-quality representatives of the
desired family of attenuation images.

e Acquisition conditions expressed by a truncation oper-
ator Ep in projection domain, expressing the available
projection set

e Reconstruction requirements expressed by a truncation
operator E; on image domain, which defines the re-
quired region for reconstruction.

e X-ray intensity of the scanner, which influences the
variance of Poisson noise in measurements.

The training procedure uses Fz, to generate a training set
Gy, of noisy sinograms, defined as

G ={9f =EpRf+&§) | f € Fur k=1..K}, (2

where {g}};_, are generated from the image f € i by
applying the implemented projection transform R and gener-
ating K instances of the Poisson noise, by our model (more
elaborate statistical acquisition model can be used here for a
real-world algorithm). The filters are then computed as the
optimizers of the objective function

(k" v") = argmin Y [Ef(Tupgf - HIZ. )
7 glfcegtr

Since the penalty function is quadratic in each of the kernels x
and v, we can solve it using the Conjugate Gradient method,
applied to the corresponding linear equation representing the
derivative of the penalty function. The training of the pair
(k, v) is then carried out in turns, fixing one kernel and updat-
ing the other.

The resulting algorithm improves on FBP in two concep-
tually different ways: first, use of more elaborate filter type



with rich structure and adaptive properties helps compensat-
ing for imperfections of the entire chain of CT acquisition,
from detectors to final image. This is plausible since the train-
ing stage promotes the similarity of algorithm output to the
high-quality images of the training set. These imperfections
include the discretization errors, incompatibility between the
hardware projector and the implemented back-projector oper-
ators, noise introduced at different stages, and more.

Second, the special structure of training set images and
the acquisition conditions may require, for the best results,
filter kernels quite different from the universal ramp kernel.
Notice that when applying the FBP to truncated projections,
the quality of reconstruction hinges on the filtering step of the
algorithm: the very problem of truncated projection data con-
sists of the incorrect projection filtering. The back-projection,
which gathers for each image pixel the values of projections
through it, lacks no information for ROI reconstruction. This
justifies the expected gain in reconstruction quality, coming
from filter training on the truncated data.

Numerical experiments, presented in Section 5, display
the influence of various filter extensions on the reconstruc-
tion quality and support the considerations for the algorithm
design.

5. EMPIRICAL RESULTS

We conduct an experiment of ROI reconstruction from trun-
cated projections. In images of size 1282, we choose the ROI
to be the central disk of radius 20 pixels. Projections are com-
puted through a disk with radius 24 pixels, i.e. we allow a
small margin to reduce the edge effects of ROI reconstruction.
Training set comprises of 10 clinical CT images, retrieved as
2D slices from a Cone-Beam scan. Similar 18 images consti-
tute the testing set. We use a number of kernel banks types
in the projection domain, as detailed below. All kernels are of
length v/2n, where n is the projection length:

e B 1.1 1isasingle 1D trained kernel.
e B 51 1isa?2D kernel with dimensions v/2n x 5.

e B 15 1isabank of 5 1D kernels, which represent the
pivots for angular differentiation.

e B 1.1 5isabank of 5 1D kernels, which are applied at
different signed distances from the projection center.

e B 555 combines the three previous features: it is a
bank of 5 sets of 2D kernels, responsible for different
projection pivot angles. Each set comprises of 5 ker-
nels, applied at different signed distances from the pro-
jection center.

In the image domain the adaptive convolution kernel used is
a square matrix of size 21 x 21.

We compare our algorithms with FBP applied with a clas-
sical windowed ramp filter. The frequency cut-off and the
degree of window are tuned to the best performance on the
training set.

The results display begins with the training set, where per-
formance of different kernel banks compares clearly (Figure
1). Single trained kernel B_1_1_1 improves the standard FBP
with windowed ramp by 6.74 dB on average’. Spatial dif-
ferentiation raises the average SNR by 0.37 dB more, and all
three features used together result in 0.76 dB improvement
over the single trained kernel. Usage of 2D kernels or of the
angular differentiation alone improves the training set perfor-
mance by 0.18 or 0.27 dB, respectively>.

Images

Fig. 1. Performance of AFBP on the training set.

For the testing set (Figure 2), we choose to show the re-
sults only for B_1_1_1 and B_5_5_5 among the AFBP versions,
since the SNR values for the other kernel banks fall in the
narrow range between them. The mean improvement of FBP
performance is 6.7 = 7.0 dB, for all AFBP kernel banks.

: :
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Images

Fig. 2. Performance of AFBP vs. FBP on the testing set.

2The plain FBP is not shown in the graph, since it scales-down the axes
too much.

3The use of 2D kernels does have a notable impact on the algorithm per-
formance in the setup of reconstruction from full projections. Such an exper-
iment is not displayed in this paper due to lack of space.



Finally, we display performance of some chosen algo-
rithms on general set of clinical CT images of thorax, not
similar to those which constitute the training set. SNR values
presented in Figure 3 show that AFBP outperforms the stan-
dard FBP algorithm also beyond the scope of targeted family
of attenuation images. On this image set, the mean gain is 3.3
dB Visual comparison of the ROI images and the reconstruc-
tion errors is displayed in figure 4.

6. SUMMARY

We have presented an extension of the basic direct algorithm
for CT reconstruction - the Filtered Back-projection (FBP).
This extension allows to specialize the FBP for various im-
portant tasks in Computed Tomography, such as reconstruc-
tion of attenuation images of known nature, reconstruction
of Region-Of-Interest from partial projection sets, robust
treatment of projections noise and other phenomena prop-
erly modeled into the objective function of AFBP training.
The algorithm is easily implemented and can be effortlessly
incorporated in existing scanning devices. A number of algo-
rithms were developed and tested numerically, using Matlab
environment.

26—
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Fig. 3. Performance of AFBP vs. FBP on a general set.

Original (left), AFBP(center, 21.4565 db), FBP(right, 15.2785 db)

Error images: |Original — AFBP| (left), |Original — FBP| (right)

Fig. 4. Visual comparison between AFBP and FBP.
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