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ABSTRACT
We consider the problem of signal separation, where the observation y = x1 + x2 + v is composed of the signals x1 and
x2 to be separated, along with additive noise v. We further assume that x1 and x2 have sparse representations with respect
to two different dictionaries D1 and D2 , respectively. Exploiting sparse representations for signal separation has been
introduced recently under the name Morphological Component Analysis (MCA).
In this work we consider several greedy MCA algorithms.
First, we show that the alternated denoising, practiced extensively in past work on signal separation, is inferior to
a far simpler direct approach. Secondly, we introduce the
Minimum-Mean-Squared-Error (MMSE) estimator into the
separation algorithm, in the form of a randomized average
of several representations, and show the benefit it provides.
Turning to the task of separating a mixture of texture images, we fuse the above-mentioned direct greedy algorithm
as a local operation in a global system, and demonstrate the
successful separation it leads to.
Index Terms— Sparse representation, learned dictionary,
separation, denoising, Maximum A-posteriori Probability
(MAP), Minimum mean squared error (MMSE).
1. INTRODUCTION
A classic problem in signal processing is the recovery of a
signal x ∈ Rn from its noisy observation y = x + v, where
v is an additive white Gaussian noise with known variance
σv2 . Different techniques assume different priors on x in order to handle the denoising problem. Recent work on signal
modeling promote a sparsity prior on x, meaning that it is
assumed to have a sparse representation α ∈ Rk over some
redundant dictionary D ∈ R[n×k] , with n ≤ k [1]. Denoising
is achieved by solving
2

α̂ = arg min α0 s.t. Dα − y2 ≤ nσv2 .
α

(1)
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The error bound nσv2 is a direct consequence of the knowledge
of the noise power. The notation α0 is the 0 -norm, counting the number of non-zeros in the vector α. Thus, among all
2
feasible solutions satisfying Dα − y2 ≤ nσv2 , we seek the
sparesest. Solving (1) is impossible as this is a combinatorial
task of exponential complexity with k, and thus approximation methods, such greedy [2] and relaxation [3] methods are
employed in practice.
In this paper we consider the more complicated and extended problem of signal separation, where the observation
y = x1 + x2 + v is composed of two signals, x1 and x2 , to
be separated, along with additive noise v. As before, we assume that x1 and x2 have sparse representations with respect
to two known and different dictionaries D1 and D2 , respectively. Exploiting sparse representations for signal separation
has been introduced recently under the name Morphological
Component Analysis (MCA) [4]. Following the above rationale, separation can be achieved by finding the two sparsest
representations α̂1 and α̂2 that can explain y. Put formally,
this reads
{α̂1 , α̂2 } =

arg min α1 0 + α2 0

(2)

α1 ,α2

2

s.t. D1 α1 + D2 α2 − y2 ≤ nσv2 .
Again, as the above is impossible to solve directly, approximation methods are called for. The work reported in [4] considered an image separation, where the dimension of the portions to be separated are very high, and this was handled using an iterated shrinkage technique. A later work, reported in
[5], proposed a mixture of the above with Orthogonal Matching Pursuit (OMP), such that local patch-based operations are
using the OMP, while the global part still employs iterated
shrinkage.
In this work we return to the basics of MCA, assuming at
first a low-dimensional problem, and exploring several greedy
signal separation algorithms based on the OMP. The first junction we cross in this quest is whether to use a direct approximate solution to the problem posed in Equation (2), or an
iterated one. Past work on MCA [4, 5] recommended the iterated path. In this method, the solution of (2) is obtained
by considering an alternated denoising problem, where α̂1
is estimated as the denoising of the signal y + x2 , while α̂2

is obtained when denoising y + x1 , where in both cases we
solve a problem of the structure posed in Equation (1). We
show that while this iterated method is far more complicated
than the direct solver, it provides hardly any benefit over the
simpler direct method in terms of the separation quality.
A second junction crossed is the actual estimator to use
in solving either (1) or (2). The classic work that promotes
a quest for the sparsest representation can be shown to align
with the MAP estimator [1, 6]. Recent work show that a far
better estimation result can be obtained by averaging several
randomly generated sparse representations that approximate
the solution of the above problems [6]. This average approximates the MMSE estimator, explaining the improved performance. We harness this idea into the separation task, combined with both the direct and the alternate denoising algorithms, and we show the benefit it brings for both.
When turning to handle a mixture of texture images, one
must start with the choice of dictionaries. While [4] assumed
that those are known and fixed as global dictionaries (curvelet
and overlapping-DCT), this is hardly the case with general
context texture images. In [5], learned dictionaries based on
the K-SVD are used for the texture portion of the images [7].
A second consideration is whether to operate globally or locally. When using trained dictionaries, those are necessarily
treating small images patches. Following [7], the work reported in [5] fuses the local processing pieces into a global
system. We follow the same route and deploy the various local algorithms presented above in this setting, demonstrating
their performance on the image separation task. In particular,
we show that a simple local and direct separation algorithm
performs very well, being competitive in quality to the alternated denoising, while requiring much less computations.
The rest of this paper is organized as follows. In the
next section we discuss the direct and the alternated denoising modes of separation. In Section 3 we expand on the MAP
and the MMSE sparse coding options and their use for separation. Section 4 is dedicated to the modifications required
for handling image mixtures. We conclude in Section 5 with
a summary of this work and its contribution.
2. DIRECT VERSUS ALTERNATED DENOISING
MCA ALGORITHMS
2.1. The Direct Algorithm
In the MCA original work [4], it was shown that the separation task as posed in Equation (2) can be reformulated
with a concatenated dictionary DT = [D1 , D2 ] and a concatenated representation αTT = [α1T , α2T ]. Since αT 0 =
α1 0 + α2 0 , (2) converts with these definitions to
2

{α̂T } = arg min αT 0 s.t. DT αT − y2 ≤ nσv2 .
αT

(3)

Clearly, this problem has the same structure as the denoising
problem posed in Equation (1), and thus all the knowledge

we have on solving (1) is relevant here as well. In particular,
OMP can be used to approximate the solution of this problem
by greedily accumulating the atoms of the solution such that
2
the error DT αT − y2 is reduced maximally at each stage.
Once the two sparse representations have been found, a
proposed separation is readily available by x̂1 = D1 α̂1 and
x̂2 = D2 α̂2 . This is the direct approach, and its simplicity
makes it appealing.
2.2. The Alternated Denoising Algorithm
The original work on MCA [4] did not use the direct method
mentioned above, and preferred instead an iterative algorithm
that peels the signals from y. One possible reason for this
choice of algorithm is the high-dimensions of the original image separation problem treated, that made greedy methods
impractical, thus requiring alternative numerical scheme. Followup work in [5] kept this iterative paradigm, even though
some of the operations in their method use OMP on lowdimensional signals. We refer to this iterative algorithm as
the Alternated Denoising, and we now turn to describe this
method.
Referring to Equation (2), suppose that at the i-th iteration
we have a candidate solution for the representations, denoted
as {α̂1i , α̂2i }. We can update these two by the following tow
concurrent problems

2

α̂1i+1 = arg min α0 s.t. D1 α − y − D2 α̂2i 2 ≤ T
α

2

i+1
α̂2 = arg min α0 s.t. D2 α − y − D1 α̂1i 2 ≤ T.
α

Both these problems are posed as denoising of residual signals (e.g., in the first problem, this signal is ỹ1i = y − D2 α̂2i ).
This process is initialized with {α̂10 , α̂20 } = {0, 0}, implying
the first iteration is not likely to provide good result, and thus
these denoising steps are to be performed repeatedly.
There are two important improvements over the above algorithm. First, rather than fixing T = nσv2 , it is recommended
in [4, 5] to set it higher at first, and decrease it as the iterative
process proceeds. This makes sense, since at first the “noise”
in ỹ1i is higher due to the presence of portions of the signal
x2 in it. The second improvement is a relaxation that can be
added to the algorithm in the form


(4)
ỹ1i = A · y − D2 α̂2i + (1 − A)D1 α̂1i ,
with A in the range [0, 1].
As can be clearly seen, this algorithm is far more complicated compared to the direct algorithm. For an overall of
J iterations, this algorithm applies 2J denoising steps with k
unknown in each, whereas the direct method applies only one
denoising with 2k unknowns. The alternated denoising requires various parameter settings (decrease of the threshold,
relaxation parameter), while the direct approach has hardly
any.

2.3. Performance Comparison
In order to test the above two methods, we formed the following synthetic experiment. Two dictionaries D1 , D2 of size
30 × 60 were created with iid normal entries, and the columns
of these matrices were 2 -normalized. Two sets of N = 500
test signals, {xj1 , xj2 }N
j=1 , were created, each being a random
linear combination of 3 atoms from its corresponding dictionary. These signals were 2 -normalized as well. We created
500 mixtures yj = xj1 + xj2 + σv v, where v is a normalized
random Gaussian vector with iid entries, and σv is varied in
the range [0.01, 1].
We tested the direct method with one small modification
- the error threshold in (3) was set to (1 + σv /6)nσv2 , so as to
increase the threshold for higher noise levels, when the constraint becomes less reliable. We also tested the alternated
denoising method with J = 8 iterations, and with A = 0.8
(which was found empirically to give the best results). The
initial threshold was set to be T = n(1 + σv2 ), and then decreased linearly towards nσv2 . Figure 1 shows the separation
error as a function of σv for both methods. The separation
error is defined as
⎡
⎤
N 
N 
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(5)
x − x̂1  +
x2 − x̂2  ⎦ .
2N j=1 1
j=1
As can be seen, the two methods perform comparably. However, the direct method is one order of magnitude faster.
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on [6], the answer is positive. Since we evaluate the performance of the separation result using the mean-squared-error
quality measure, it would be better to use the MMSE estimator. While this is impossible to obtain in general, the work reported in [6] suggests a simple approximation of it based on a
randomization of the OMP (termed Random-OMP) that leads
to a set of (possibly) different representations. Their plain
mean of these representations is shown to be a very good approximation of the MMSE estimator. Clearly, this idea can
be adopted here quite easily, with the hope to obtain better
separation results.
We must note that using the MMSE estimator as in [6] for
the separation task does not necessarily mean that the separation MSE is the best it could be. The reason is that in the
MMSE estimator used, we aim to minimize the expected error
2
x1 + x2 − x̂1 + x̂2  , whereas our true desire is the mini2
2
mization of the expectation of x1 − x̂1  +x2 − x̂2  , and
the two might differ in general. We leave this matter for future work, and use here the plain MMSE estimator available
to us.
3.2. Performance Comparison
Proceeding with the experiment described in Section 2.3, we
simulated a third separation algorithm based on the RandomOMP. We used J = 8 iterations, so as to align its complexity
with the alternated-denoising algorithm.
When using the Random-OMP, one parameter must be
fixed - this is the factor c with which the projections are scaled
in the randomization process [6]. Since in this work we have
deviated form the model developed in [6], in this work we fix
this heuristically to be c = 100 for all tests, with the understanding that better tuning of it may lead to better results.
Figure 2 presents the Random-OMP results on the same
results shown in the previous section. The MMSE approximation improves over the direct method separation by 1.4dB
on average.
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Fig. 1. The separation error for the direct and the alternateddenoising algorithms, as a function of the additive noise
power.

3. MAP VERSUS MMSE MCA ALGORITHMS
3.1. MMSE Instead of MAP
Assuming that the direct method is to be used for the separation task, it is well known that solving (3) amounts to a MAP
estimation of the representation. Can we do better? Based

4.1. Going to High-Dimensions
When turning to handle signals y, x1 , x2 ∈ Rn that are of
high dimensions, the OMP is no longer appealing, or even
possible to use. Suppose that n = 100, 000 and the dictionaries D1 , D2 are of size 105 × 107 . Note that for these sizes,
the dictionary is never stored nor used explicitly, as it stands
for a fast transform, such as wavelet, Fourier, and the like. A
representation of such signals that includes 5, 000 − 10, 000
atoms is considered as very sparse.
The OMP requires an application of the inverse transform1 for computing the projection of the signal on the atoms.
1 Actually, it is the adjoint that is required, but for tight frames the two are
the same.
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scheme, with a small fraction of the original required complexity. We start by formulating the problem, following the
denoising algorithm developed in [7]. We denote the full
high-dimensional signals by capital letters, and remain with
lower-case letters for the low-dimensional patches. The operator Rpq extracts a patch of a fixed and known size from the
location [p, q] in the image.
We form the following energy function (X1 , X2 ), such
that its minimizers X̂1 , X̂2 define the separation proposed:
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(X1 , X2 ) = λ Y − X1 − X2 
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Fig. 2. The separation error for the direct, the alternateddenoising, and the Random-OMP algorithms, as a function
of the additive noise power.



Rpq X2 − D2 α2pq 

pq∈Ω

+μ

 

pq∈Ω

Taking the largest projection, we need then to solve a LeastSquares (LS) problem over the accumulated atoms. Accumulating 5, 000 − 10, 000 atoms one by one is tedious and nonefficient. Furthermore, the above-mentioned LS problems can
be either solved by accumulating the chosen atoms explicitly,
or by using multiplications by the complete dictionary and its
adjoint and masking the non-chosen atoms. Both options are
very expensive, to the point of making the OMP impossible
to use. This is why prior art on MCA that worked on images
avoided the OMP on the global transforms [4, 5].
Can we handle high-dimensional signals and still enjoy
the simplicity of the OMP? The answer is positive, if we adopt
the approach taken in [7]. The idea is to operate on small
image patches locally and fuse the results to a global solution.
A side benefit to this local processing is the ability to depart
from using pre-assigned global dictionaries, and replace those
with trained ones. Indeed, learning sparsifying dictionaries
for the signals to be separated using an algorithm such as the
K-SVD is relevant only for low-dimensional signals, and this
stands as yet another incentive for going local [7].
We consider here the problem of separating a mixture of
texture images, where high-dimensions for the involved signals is a natural feature. In [5], a separation of an image to
texture and cartoon layers is suggested. A learned dictionary
based on the K-SVD is used for the texture portion of the image, and the operations on this part are performed locally. As
the cartoon part is modeled globally, their overall algorithm
still uses an iterated solver, and the overall structure of their
algorithm is the alternated denoising, which requires many
applications of the two sparse coding pieces.

(6)

2


α1pq 0 + α2pq 0 .

The first term expresses our knowledge about the additive noise, the difference between Y and the combination
X1 + X2 , being iid white and Gaussian. The second and the
third terms express our belief that patches in locations [p, q]
extracted from the images X1 and X2 are expected to have
sparse representations with respect to the two dictionaries
D1 , D2 , respectively. The last term forces sparsity on the
proposed representations. These representations are part of
the unknowns, but since the objective is X̂1 , X̂2 , we do not
list them as such in the definition of the energy function.
In order to solve the above minimization task, we propose
a degenerated block-coordinate-descent algorithm, just like in
[7]. We initialize the algorithm by X1 + X2 = Y and turn to
pq
of all the patches
approximate the sparse representations α̂1,2
in the two images. Since we do not have initial values for X1
and X2 , we use the following approximation:
2

2

Rpq X1 − D1 α1pq  + Rpq X2 − D2 α2pq 
≈ Rpq (X1 + X2 ) −

D1 α1pq

−

2
D2 α2pq 

(7)

,

which becomes correct if
(Rpq X1 − D1 α1pq )T (Rpq X2 − D2 α2pq ) = 0,

(8)

i.e., when the separation errors of the two patches are uncorrelated. Thus, the problem obtained amounts to the very same
problem as posed in Equation (3), applied on each patch in
location [p, q] separately,
{α̂1pq , α̂2pq } =

arg min α1 0 + α2 0
α1 ,α2

2

s.t. D1 α1 + D2 α2 − Rpq Y2 ≤ nσv2 .
4.2. The Proposed Algorithm
In contrast to the method in [5], we aim to propose a fully
local separation algorithm that can use the direct OMP, and
still gives competitive results to the alternated denoising

where we have used the fact that Rpq X1 + Rpq X2 = Rpq Y,
and the knowledge about the noise power between X1 + X2
and Y. This solver can be replaced with the Random-OMP
alternative. Nevertheless, if the patches are extracted with full

overlap, the benefit is expected to be small, since the overlapping itself has an MMSE flavor to it.
Once we have all the sparse representations α̂1pq , α̂2pq for
all locations [p, q], we minimize the energy in Equation (6)
w.r.t. X1 , and X2 . The relevant parts for this minimization
are only the 2 terms in Equation (6), and thus the solution is
obtained easily as the linear equation of the form:
λI +

pq∈Ω

λI

X1
X2

RTpq Rpq
=

λI +

λY +
λY +

λI
pq∈Ω

RTpq Rpq

RTpq D1 α̂1pq
pq
T
pq∈Ω Rpq D2 α̂2
pq∈Ω

·
.


A
1−A  T
(cY −
RTpq D2 α2pq ) +
Rpq D1 α1pq .
c
c
pq∈Ω

X2 =

A
(cY −
c



pq∈Ω
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For cyclic patch extraction, pq∈Ω RTpq Rpq = cI, where c is
the size of the patch. Thus the solution of (9) becomes
X1 =

(a)

pq∈Ω

1−A  T
RTpq D1 α1pq ) +
Rpq D2 α2pq .
c

(d)

(e)

Fig. 3. (a) Mixed texture; (b,c) Separation results with the direct method (PSNR= 16.84dB); (d,e) Separation results with
the alternated method (PSNR= 16.65dB).
OMP is efficient. We thus show how to keep this benefit when
turning to handle images, by operating locally on patches, and
fusing the results to a global separation algorithm.

pq∈Ω

λ
for A = 2λ+c
∈ [0, 0.5]. Once the solution of the above linear
system is computed, we conclude the separation algorithm.
Thus, the complexity remains one joint OMP per patch, and
an additional small overhead beyond that, making this algorithm very simple and fast.

4.3. Image Separation Results
We take two texture images of size 256 × 256 pixels and use
the 128 × 128 left-upper corners for training. We extract 10 ×
10 patches from the training regions and use the K-SVD [7]
to get two trained dictionaries of size 100 × 200. We take
the sum of the two lower corners, which are not used in the
training stage, and use the trained dictionaries to separate the
mixture. We perform this experiment twice, one time with
the direct algorithm proposed above, and second time with
the the alternated version as in [5]. We use a fixed number of
atoms, 4, for each patch in both the training and the separation
stages. The results are shown in Figure 3.
5. SUMMARY AND CONCLUSIONS
The knowledge that a signal can be represented sparsely with
respect to a known dictionary is powerful and can serve its
effective processing. In this paper we consider signal separation based on this model, following the work on MCA. We
show that the long-practiced alternated denoising method can
be replaced with a far simpler direct algorithm, with hardly
any deterioration in performance. An MMSE version of the
sparse coding method is shown to lead to benefit in separation
results. The migration from the alternated-denoising to the
direct methods is valid for low-dimensional signals for which
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